Introduction
The main goal of this survey is to discuss the proof and examine some consequences of the following fundamental theorem of Giroux. This theorem plays a pivotal role in studying cobordisms of contact structures and understanding filling properties of contact structures, see [2, 6, 13, 14, 16, 19] . This better understanding of fillings leads to various topological applications of contact geometry. Specifically, the much studied property P for knots was established by P. Kronheimer and T. Mrowka in [28] . A non-trivial knot has property P if non-trivial surgery on it never gives a homotopy sphere. In addition P. Ozsváth and Z. Szabó in [34] gave an alternate proof of a characterization of the unknot via surgery which was originally established in [29] . This characterization says that the unknot is the only knot on which p-surgery yields −L(p, 1). Moreover, in [34] it is shown that the Thurston norm is determined by Heegaard Floer Homology.
Ideally the reader should be familiar with low-dimensional topology at the level of, say [36] . In particular, we will assume familiarity with Dehn surgery, mapping tori and basic algebraic topology. At various points we also discuss branch coverings, Heegaard splittings and other notions; however, the reader unfamiliar with these notions should be able to skim these parts of the paper without missing much, if any, of the main line of the arguments. Since diffeomorphisms of surfaces play a central role in much of the paper and specific conventions are important we have included an Appendix discussing basic facts about this. We also assume the reader has some familiarity with contact geometry. Having read [15] should be sufficient background for this paper. In order to accommodate the reader with little background in contact geometry we have included brief discussions, scattered throughout the paper, of all the necessary facts. Other good introductions to contact geometry are [1, 20] , though a basic understanding of convex surfaces is also useful but is not covered in these sources. In the next three sections we give a thorough sketch of the proof of Theorem 1.1. In Section 2 we define open book decompositions of 3-manifolds, discuss their existence and various constructions. The following two sections discuss how to get a contact structure from an open book and an open book from a contact structure, respectively. Finally in Section 5 we will consider various applications of Theorem 1.1. While we prove various things about open books and contact structures our main goal is to prove the following theorem which is the basis for most of the above mentioned applications of contact geometry to topology.
Theorem (Eliashberg 2004 [6] ; Etnyre 2004 [14] ). If (X, ω) is a symplectic filling of (M, ξ) then there is a closed symplectic manifold (W, ω ′ ) and a symplectic embedding (X, ω) → (W, ω ′ ).
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Open book decompositions of 3-manifolds
Throughout this section (and these notes)
M is always a closed oriented 3-manifold.
We also mention that when inducing an orientation on the boundary of a manifold we use the "outward normal first" convention. That is, given an oriented manifold N then v 1 , . . . , v n−1 is an oriented basis for ∂N if ν, v 1 , . . . , v n−1 is an oriented basis for N. In particular if γ n is an embedded curve on T 1 in the homology class (1, n), then M \ B can be fibered by annuli parallel to γ n × [0, 1]. There are diffeomorphisms of S 1 × S 2 that relate all of these fibrations but the fibrations coming from γ 0 and γ 1 are not isotopic. There are examples of fibrations that are not even diffeomorphic.
Definition 2.3. An abstract open book is a pair (Σ, φ) where
(1) Σ is an oriented compact surface with boundary and (2) φ : Σ → Σ is a diffeomorphism such that φ is the identity in a neighborhood of ∂Σ. The map φ is called the monodromy.
We begin by observing that given an abstract open book (Σ, φ) we get a 3-manifold M φ as follows:
where |∂Σ| denotes the number of boundary components of Σ and Σ φ is the mapping torus of φ. By this we mean Σ × [0, 1]/ ∼, where ∼ is the equivalence relation (φ(x), 0) ∼ (x, 1) for all x ∈ Σ. Finally, ∪ ψ means that the diffeomorphism ψ is used to identify the boundaries of the two manifolds.
For each boundary component l of Σ the map ψ : ∂(S 1 × D 2 ) → l × S 1 ⊂ Σ φ is defined to be the unique (up to isotopy) diffeomorphism that takes S 1 × {p} to l where p ∈ ∂D 2 and {q} × ∂D 2 to ({q ′ } × [0, 1]/ ∼) = S 1 , where q ∈ S 1 and q ′ ∈ ∂Σ. We denote the cores of the solid tori in the definition of M φ by B φ .
Two abstract open book decompositions (Σ 1 , φ 1 ) and (Σ 2 , φ 2 ) are called equivalent if there is a diffeomrophism h : Σ 1 → Σ 2 such that h • φ 2 = φ 1 • h.
Lemma 2.4. We have the following basic facts about open books and abstract open books:
( Remark 2.6. Clearly the two notions of open book decomposition are closely related. The basic difference is that when discussing open books (non-abstract) we can discuss the binding and pages up to isotopy in M, whereas when discussing abstract open books we can only discuss them up to diffeomorphism. Thus when discussing Giroux's Theorem 1.1 we need to use (non-abstract) open books; however, it is still quite useful to consider abstract open books and we will frequently not make much of a distinction between them.
Example 2.7 Let S 3 be the unit sphere in C 2 , and (z 1 , z 2 ) = (r 1 e iθ1 , r 2 e iθ2 ) be coordinates on C 2 .
(1) Let U = {z 1 = 0} = {r 1 = 0} ⊂ S 3 . Thus U is a unit S 1 sitting in S 3 . It is easy to see that U is an unknotted S 1 in S 3 . The complement of U fibers:
In polar coordinates this map is just π U (r 1 e iθ1 , r 2 e iθ2 ) = θ 1 . This fibration is related to the well known fact that S 3 is the union of two solid tori. Pictorially we see this fibration in Figure 1 . We have the fibrations
, and
In polar coordinates these maps are just π ± (r 1 e iθ1 , r 2 e iθ2 ) = θ 1 ± θ 2 .
Exercise 2.9 Picture these fibrations.
(3) More generally, let f : C 2 → C be a polynomial that vanishes at (0, 0) and has no critical points inside S 3 except possibly (0, 0).
gives an open book of S 3 with fibration
This is called the Milnor fibration of the hypersurface singularity (0, 0) (note that (0, 0) does not have to be a singularity, but if it is not then B is always the unknot). See [32] .
Exercise 2.10 Suppose Σ is a surface of genus g with n boundary components and φ is the identity map on Σ. Show M φ = #2g+n−1S 1 × S 2 . HINT: If a is a properly embedded arc in Σ then a × [0, 1] is an annulus in the mapping torus Σ φ that can be capped off into a sphere using two disks in the neighborhood of the binding.
Theorem 2.11 (Alexander 1920, [4] ). Every closed oriented 3-manifold has an open book decomposition.
We will sketch three proofs of this theorem.
First Sketch of Proof. We first need two facts
Fact (Alexander 1920, [4] ). Every closed oriented 3-manifold M is a branched cover of S 3 with branched set some link L M .
Fact (Alexander 1923, [3] ). Every link L in S 3 can be braided about the unknot.
When we say L can be braided about the unknot we mean that if
3 as in the first fact we can braid L M about the unknot U. Let P : M → S 3 be the branch covering map. Set B = P −1 (U ) ⊂ M. We claim that B is the binding of an open book. The fibering of the complement of B is simply π = π U • P, where π U is the fibering of the complement of U in S 3 .
Exercise 2.12 Prove this last assertion and try to picture the fibration.
Before we continue with our two other proofs let's have some fun with branched covers.
Exercise 2.13 Use the branched covering idea in the previous proof to find various open books of S 3 . HINT: Any cyclic branched cover of S 3 over the unknot is S 3 . Consider Figure 3 . See also [23, 36] . Second Sketch of Proof. This proof comes from Rolfsen's book [36] and relies on the following fact. Figure 4 . Figure 4 . All the unknots in the link L M can be isotoped to be on the annuli depicted here. The heavy black line is the unknot U.
and we can assume that N C intersects the fibers of the fibration π U in meridional disks. So the complement of U ∪ N fibers so that each ∂N C is fibered by meridional circles. To perform ±1 surgery on L M we remove each of the N C 's and glue it back sending the boundary of the meridional disk to a (1, ±1) curve on the appropriate boundary component of S 3 \ N . After the surgery we have M and inside M we have the union of surgery tori N ′ , the components of which we denote N ′ C and the cores of which we denote C ′ . We denote the union of the cores by L ′ . Inside M we also have the "unknot" U (of course U may not be an unknot any more, for example it could represent non-trivial homology in M ).
and it is easy to see that the fibration induces on ∂N ′ C a fibration by (1, ±1) curves. We can fiber N ′ C \ C ′ by annuli so that the induced fibration on ∂N ′ C is by (1, ±1) curves. Thus we may extend the fibration An achiral Lefschetz fibration of a 4-manifold X over a surface S is simply a map π : X → S such that the differential dπ is onto for all but a finite number of points p 1 , . . . p k ∈ int(X), where there are complex coordinate charts U i of p i and
. Note the definition implies that π restricted to X \ π −1 (π({p 1 . . . , p k })) is a locally trivial fibration. We denote a generic fiber by Σ π .
Fact (Lickorish 1962, [30] ; Wallace 1960, [40] ). Every closed oriented 3-manifold is the boundary of a 4-manifold built with only 0-and 2-handles.
Given a 3-manifold M we use this fact to find a 4-manifold X with ∂X = M and X built with only 0-and 2-handles. Then the previous fact gives us an achiral Lefschetz fibration π : X → D 2 . Set B = ∂π −1 (x) for a non-critical value x ∈ int(D 2 ). We claim that B is the binding of an open book decomposition for M and the fibration of the complement is the restriction of π to M \ B. 1] , and the monodromy is φ 0 • φ 1 .
Definition 2.16. Given two abstract open books
Theorem 2.17 (Gabai 1983, [18] ).
Sketch of Proof.
The proof is essentially contained in Figure 5 . The idea is that 1] can be formed as shown in Figure 5 . 
where H ± is the positive/negative Hopf link and π± is the corresponding fibration of its complement.
From this exercise and Theorem 2.17 we immediately have: (2) On S 3 , thought of as the unit sphere in C 2 , we have ξ std the set of complex tangents. That is ξ std = T S 3 ∩ i(T S 3 ). We can also describe this plane field as ξ std = ker(r 2 1 dθ 1 + r 2 2 dθ 2 ), where we are using coordinates (r 1 e iθ1 , r 2 e iθ2 ) on C 2 .
We will need the following facts about contact structures. Most of these facts are proven or discussed in [1, 15, 20] .
• All 3-manifolds admit a contact structure. See Theorem 3.13 below.
• Locally all contact structures look the same. This is called Darboux's Theorem and means that if p i is a point in the contact manifold (M i , ξ i ), i = 0, 1, then there is a neighborhood U i of p i and a diffeomorphism f :
• Given two contact manifolds (M i , ξ i ), i = 0, 1, we can form their contact connected sum (M 0 #M 1 , ξ 0 #ξ 1 ) as follows: there are balls B i ⊂ M i and an orientation reversing diffeomorphism f :
extends to a well defined contact structure on M 0 #M 1 . See [5] .
• Given a 1-parameter family of contact structures ξ t , t ∈ [0, 1], there is a 1-parameter family of diffeomorphisms The condition in part (2) of the lemma involving transversality to the pages is to prevent excess twisting near the binding and may be dispensed with for tight contact structures.
Recall that a vector field X is a Reeb vector field for ξ if it is transverse to ξ and its flow preserves ξ. This is equivalent to saying there is a contact form α for ξ such that α(X) = 1 and ι X dα = 0. The equivalence of (1) and (2) is supposed to give some intuition about what it means for a contact structure to be supported by an open book. We do not actually use (2) anywhere in this paper, but it is interesting to know that "supported" can be defined this way. Similarly condition (3) should be illuminating if you have studied Reeb vector fields in the past.
Proof. We begin with the equivalence of (1) and (2) . Suppose (M, ξ) is supported by (B, π). So M \B fibers over S 1 . Let dθ be the coordinate on S 1 . We also use dθ to denote the pullback of dθ to M \ B, that is, for π * dθ. Near each component for the binding we can choose coordinates (ψ, (r, θ)) on N = S 1 × D 2 in such a way that dθ in these coordinates and π * dθ agree. Choosing the neighborhood N small enough we can assume that α( ∂ ∂ψ ) > 0 (since α is positive on B). Choose an increasing non-negative function f : [0, ǫ] → R that equals r 2 near 0 and 1 near ǫ, where ǫ is chosen so that {(ψ, (r, θ))|r < ǫ} ⊂ N. Now consider the 1-form α R = α + Rf (r)dθ, where R is any large constant. (Here we of course mean that outside the region {(ψ, (r, θ))|r < ǫ} we just take f to be 1.) Note that α R is a contact 1-form for all R > 0. Indeed
The first term on the right is clearly positive since α is a contact form. The second term is also positive since dα is a volume form for the pages, dθ vanishes on the pages and is positive on the oriented normals to the pages. Finally the last term is non-negative since dr ∧ dθ vanishes on ∂ ∂ψ while α( ∂ ∂ψ ) > 0. As R → ∞ we have a 1-parameter family of contact structures ξ R = ker α R that starts at ξ = ξ 0 and converges to the pages of the open book away from the binding while staying transverse to the binding (and the pages near the binding).
Now for the converse we assume (2). Let ξ s be a family of plane fields isotopic to ξ that converge to a singular plane field tangent to the pages of the open book (and singular along the binding) as s → ∞. Let α s be contact forms for the ξ s . We clearly have that α s > 0 on B.
Thinking of M \ B as the mapping torus Σ φ we can use coordinates (x, θ) ∈ Σ × [0, 1] (we use θ for the coordinate on [0, 1] since on the mapping torus Σ φ this is the pullback of θ on S 1 under the fibration) and write
where β s (θ) is a 1-form on Σ and u s (θ) is a function on Σ for each s and θ. Let N be a tubular neighborhood of B on which ξ s is transverse to the pages of the open book and let N ′ be a tubular neighborhood of B contained in N. We can choose
and get a new family of contact forms
So clearly
To see that dβ ′ s (θ) > 0 for s large enough, we note that the second term in this equation vanishes to higher order than the first as s goes to infinity. From this one can easily conclude that dβ ′ s (θ) ≥ 0 for s large enough. By adding a small multiple of a 1-form, similar to the one constructed on the mapping torus in the proof of Theorem 3.13 below, we easily see that for a fixed s, large enough, we can assume dβ We may now assume that dα Under this identification α maps to some contact form α
where h is function on this neighborhood. By scaling α if necessary we may assume that h > 1 where it is defined. Since that we know dα is a volume form on the pages of the mapping torus, h r > 0 where it is defined. Moreover we can extend it to all of S 1 × D 2 so that it is equal to 1 on r = 0 and so that h r > 0 everywhere. Thus the contact form equal to α off of N ′ and equal to h(dψ + f (r) dθ) on each component of N is a globally defined contact form for ξ s and satisfies conditions (1) of the lemma. HINT: There is a unique universally tight contact structure on a solid torus with a fixed non-singular characteristic foliation on the boundary that is transverse to the meridional circles.
We now establish the equivalence of (1) and (3). Assume (3) and let X be the vector field discussed in (3). Since X is positively tangent to the binding we have α > 0 on oriented tangent vectors to B. Moreover, since X is positively transverse to the pages of the open book we have dα = ι X α∧dα > 0 on the pages. Thus (M, ξ) is supported by (B, π). Conversely assume (1) is true and let α be the contact form implicated in the definition of supporting open book. Let X be the Reeb vector field associated to α. It is clear that X is positively transverse to the pages of the open book since dα is a volume form on the pages. Thus we are left to check that X is positively tangent to B. To this end consider coordinates (ψ, (r, θ)) on a neighborhood of a component of B such that constant θ's give the pages of the open book in the neighborhood. Switching (r, θ) coordinates to Cartesian coordinates (x, y) we can write
, where f, g, h are functions. We need to see that g and h are zero when (x, y) = (0, 0). This is clear, for if say g > 0 at some point (c, (0, 0)) then it will be positive in some neighborhood of this point in particular at (c, (0, ±ǫ)) for sufficiently small ǫ. But at (c, (0, ǫ)) the ∂ ∂x component of X must be negative, not positive, in order to be positively transverse to the pages. Thus g and h are indeed zero along the binding. 
(Recall that we are thinking of S 3 as the unit sphere in C 2 .) This open book supports the standard contact structure ξ std = ker(r Proof. Recall
where Σ φ is the mapping torus of φ. We first construct a contact structure on Σ φ .
To this end we consider the set S = {1-forms λ : (1) λ = (1 + s)dθ near ∂Σ and (2) dλ is a volume form on Σ} where near each boundary component of Σ we use coordinates (s, θ)
Exercise 3.14 Show this set is convex.
To show this set is non-empty let λ 1 be any 1-form on Σ that has the right form near the boundary. Note that
Let ω be any volume form on Σ whose integral over Σ is 2π|∂Σ| and near the boundary of Σ equals ds ∧ dθ. We clearly have Σ ω − dλ 1 = 0 and ω − dλ 1 = 0 near the boundary. Thus the de Rham theorem says we can find a 1-form β vanishing near the boundary such that dβ = ω − dλ 1 . One may check λ = λ 1 + β is a form in S. Now given λ ∈ S note that φ * λ is also in S. Consider the 1-form
Exercise 3.15 Show that for sufficiently large K this form is a contact form.
It is clear that this form descends to a contact form on the mapping torus Σ φ . We now want to extend this form over the solid tori neighborhood of the binding. To this end consider the map ψ that glues the solid tori to the mapping torus. In coordinates (ϕ, (r, ϑ)) on S 1 × D 2 where D 2 is the unit disk in the R 2 with polar coordinates we have ψ(ϕ, r, ϑ) = (r − 1 + ǫ, −ϕ, ϑ). This is a map defined near the boundary of S 1 × D 2 . Pulling back the contact form α K using this maps gives
We need to extend this over all of S 1 × D 2 . We will extend using a form of the form 
is an oriented basis for R 2 for all r.
Near the boundary α ψ is defined with f (r) = −(r + ǫ) and g(r) = K. Near the core of S 1 × D 2 we would like f (r) = 1 and g(r) = r 2 .
Exercise 3.17 Show that f (r) and g(r) can be chosen to extend α ψ across the solid torus.
HINT: Consider the parameterized curve (f (r), g(r)). This curve is defined for r near 0 and 1; can we extend it over all of [0, 1] Proof. Let α 0 and α 1 be the contact forms for ξ 0 and ξ 1 , two contact structures that are supported by (B, π). In the proof of Lemma 3.5 we constructed a contact form α R = α + Rf (r)dθ from α. (See the proof of the lemma for the definitions of the various terms.) In a similar fashion we can construct α 0R and α 1R from α 0 and α 1 . These are all contact forms for all R ≥ 0. Now consider
Exercise 3.19 For large R verify that αs is a contact form for all 0 ≤ s ≤ 1.
HINT: There are three regions to consider when verifying that αs is a contact form. The region near the binding where f (t) = r 2 , the region where f is not 1 and the region where f is 1. Referring back to the proof of Lemma 3.5 should help if you are having difficulty when considering any of these regions.
Thus we have an isotopy from α 0 to α 1 .
We now know that for each open book (B, π) there is a unique contact structure supported by (B, π). We denote this contact structure by ξ (B,π) . If we are concerned with the abstract open books we denote the contact structure by ξ (Σ,φ) . Theorem 3.20. We have
This theorem follows immediately from the proof of Theorem 2.17 concerning the effect of Murasugi sums on the 3-manifold. The theorem seems to have been known is some form or another for some time now but the first reference in the literature is in Torisu's paper [39] . 
(where the corresponding manifolds are identified using the first diffeomorphism).
Remark 3.23. The contact structure ξ S (−,a) (Σ,φ) is not isotopic to ξ (Σ,φ) ! One can show that these contact structures are not even homotopic as plane fields.
Proof. 
where all the equal signs mean isotopic. The last equality follows from the following exercise. HINT: Try to show the contact structure pulled back to the cover Σ × R of M \ B is tight. This will be much easier after you know something about convex surfaces and, in particular, Giroux's tightness criterion which is discussed at the beginning of the next section.
Note that we now have a well defined map In the next section we will show that Ψ is onto and one-to-one.
From contact structures to open books
We begin this section by recalling a few more basic facts and definitions from contact geometry. Again for more details see [1, 15, 20] . This is not meant to be an introduction to contact geometry, but simply to remind the reader of some important facts or to allow the reader with little background in contact geometry to follow some of the arguments below. First some facts about Legendrian curves.
• A curve γ in (M, ξ) is Legendrian if it is always tangent to ξ.
• Any curve may be C 0 approximated by a Legendrian curve.
• If γ ⊂ Σ is a simple closed Legendrian curve in Σ then tw(γ, Σ) is the twisting of ξ along γ relative to Σ. Said another way, both ξ and Σ give γ a framing (that is, a trivialization of its normal bundle) by taking a vector field normal to γ and tangent to ξ or Σ, respectively; then tw(γ, Σ) measures how many times the vector field corresponding to ξ rotates as γ is traversed measured with respect to the vector field corresponding to Σ.
We now turn to surfaces in contact 3-manifolds and the fundamental dichotomy in 3-dimensional contact geometry: tight vs. overtwisted.
• If Σ is a surface in (M, ξ) then if at each point x ∈ Σ we consider l x = ξ x ∩ T x Σ we get a singular line field on Σ. This (actually any) line field can be integrated to give a singular foliation on Σ. This singular foliation is called the characteristic foliation and is denoted Σ ξ .
• The contact structure ξ is called overtwisted if there is an embedded disk D such that D ξ contains a closed leaf. Such a disk is called an overtwisted disk. If there are no overtwisted disks in ξ then the contact structure is called tight.
• The standard contact structures on S 3 and R 3 are tight.
• If ξ is a tight contact structure and Σ is a surface with Legendrian boundary then we have the weak-Bennequin inequality
We now begin a brief discussion of convex surfaces. These have proved to be an invaluable tool in studying 3-dimensional contact manifolds.
• A surface Σ in (M, ξ) is called convex if there is a vector field v transverse to Σ whose flow preserves ξ. A vector field whose flow preserves ξ is called a contact vector field.
• Any closed surface is C ∞ close to a convex surface. If Σ has Legendrian boundary such that tw(γ, Σ) ≤ 0 for all components γ of ∂Σ then after a C 0 perturbation of Σ near the boundary (but fixing the boundary) Σ will be C ∞ close to a convex surface.
• Let Σ be convex, with v a transverse contact vector field. The set
is a multi-curve on Σ and is called the dividing set.
• Let F be a singular foliation on Σ and let Γ be a multi-curve on Σ. The multi-curve Γ is said to divide F if (1) Σ \ Γ = Σ + Σ − (2) Γ is transverse to F and (3) there is a vector field X and a volume form ω on Σ so that (a) X is tangent to F at non-singular points and X = 0 at the singular points of F (we summarize this by saying X directs F ) (b) the flow of X expands (contracts) ω on Σ + (Σ − ) and (c) X points out of Σ + .
• If Σ is convex then Γ Σ divides Σ ξ .
• On any compact subset of Σ + we can isotop ξ to be arbitrarily close to T Σ + while keeping it transverse to Γ Σ .
• If Σ is convex and F is any other foliation divided by Γ Σ then there is a C 0 small isotopy, through convex surfaces, of Σ to Σ ′ so that Σ ′ ξ = F .
• If γ is a properly embedded arc or a closed curve on Σ, a convex surface, and all components of Σ \ γ contain some component of Γ Σ \ γ then Σ may be isotoped through convex surfaces so that γ is Legendrian. This is called Legendrian realization.
• If Σ 1 and Σ 2 are convex, ∂Σ 1 = ∂Σ 2 is Legendrian and the surfaces meet transversely, then the dividing curves interlace as shown in Figure 8 and we can round the corner to get a single smooth convex surface with dividing curves shown in Figure 8 . • If γ is a Legendrian simple closed curve on a convex surface Σ then tw(γ,
• If Σ is a convex surface then a small neighborhood of Σ is tight if and only if Σ = S 2 and no component of Γ Σ is a contractible circle or Σ = S 2 and Γ Σ is connected. This is called Giroux's tightness criterion. Now that we know about convex surfaces we can discuss a fourth way to say that a contact structure is supported by an open book decomposition. This criterion for an open book to be supported by a contact structure is one of the easiest to check and is quite useful in practice. This lemma is essentially due to Torisu [39] .
Proof. Assume ξ is supported by (B, π). Let V 0 and V 1 be the closures of the complement of Σ ′ in M. It is not hard to show that Σ ′ is convex. Indeed Σ ′ is the union of two pages Σ 1 and Σ 2 . Each Σ i has a transverse contact vector field v i . Along ∂Σ i the v i point in opposite directions.
Exercise 4.3 Show v1 and −v2 can be altered in a neighborhood of ∂Σ1 = ∂Σ2 = B so that they give a contact vector field v on Σ ′ so that B is the dividing set. HINT: If you have trouble see [22] .
In Exercise 3.25 you checked that ξ restricted to M \ B is tight. It is easy to contact isotop B to be disjoint from V i so ξ restricted to V i is tight.
The other implication immediately follows from the next lemma. ′ and make all the disks D j convex. Now cutting V i along these disks and rounding corners we get a tight contact structure on the 3-ball. Eliashberg [8] has shown that there is a unique tight contact structure on the 3-ball with fixed characteristic foliation. From this it follows that there is a unique tight contact structure on V i with any fixed characteristic foliation divided by B. Finally this implies there is at most one contact structure on M satisfying the conditions in the lemma. The existence of one contact structure satisfying these conditions is given by Theorem 3.13. [15] or see [39] .
We are now ready to show that the map Ψ from open books to contact structures is onto. Proof. Cover M by a finite number of Darboux balls (this is clearly possible since M is compact). Note that since Darboux balls are by definition contactomorphic to a ball in the standard contact structure on R 3 we know ξ restricted to the Darboux balls is tight. Now take any finite CW-decomposition of M such that each 3-cell sits in some Darboux ball. Isotop the 1-skeleton to be Legendrian (this can be done preserving the fact that 3-cells sit in Darboux balls). Note that we have a CW-decomposition satisfying all but condition (2) of contact cell decomposition. To achieve this condition consider a 2-cell D. By the weak-Bennequin inequality we have tw(∂D, D) ≤ −1. Thus we can perturb each 2-cell to be convex (care must be taken at the boundary of the 2-cells). Since Γ D contains no simple closed curves and tw(∂D, D) = − Suppose we have a contact cell decomposition of (M, ξ). Denote its 1-skeleton by G. Given the (or any) Legendrian graph G the ribbon of G is a compact surface
Clearly any Legendrian graph has a ribbon. Let B = ∂R and note that B is a transverse link.
Claim. B is the binding of an open book decomposition of M that supports ξ.
Clearly the proof follows form this claim. We first show that X(R) is diffeomorphic to R X × [0, 1] and that X(B) is formed by identifying R X × {0} (R X × {1}) in X(R) and R X × {δ} (R X × {−δ}) in N (R). Clearly this implies that X(B), the complement of a neighborhood of B, is fibered and the fibration can be extended over N (B) \ B so that the boundary of the fibers is B. Note that ∂X(R) = A ∪ F where A = (∂X(R)) ∩ N (B) is a disjoint union of annuli (one for each component of N (B)) that are naturally fibered by circles of constant θ value in N (B). The subsurface F is defined to be the closure of the complement of A in ∂X(R). Note that we can write F = F − ∪ F + , where F ± is identified with R X × {±δ} in N (R). Remark 4.10. Throughout this part of the proof we will be discussing manifolds whose boundaries have corners. We do not want to smooth the corners. However, sometimes to understand the annuli A better we will think about rounding the corners, but once we have understood A sufficiently we actually will not round the corners.
Proof of
Let D 1 , . . . , D k be the two cells in the contact cell decomposition of (M, ξ). Recall that ∂D i is Legendrian and has twisting number −1. Thus since R twists with the contact structure along the 1-skeleton G we can assume that B intersects Exercise 4.14 Show ∂X1 is convex (once the corners are rounded) and its dividing set is the union of the cores of A1 and F
If we continue to cut along the D ′ i 's we eventually get to X k once we have cut along all the disks. From above we know X k is a disjoint union of balls (all contained in 3-cells of our contact cell decomposition). Moreover, on ∂X k we have that A k a union of annuli whose cores give the dividing curves for ∂X k . By the definition of contact cell decomposition we know that the contact structure when restricted to each component of X k is tight. Thus we know A k has exactly one component on the boundary of each component of X k . Thus each component of X k is a ball B 3 with an annulus S that has a natural fibration by circles. Clearly B 3 has a natural fibration by D 2 's that extends the fibration of S by circles. That is, Thus, continuing in this fashion we get back to X(R) and see that it is fibered by surfaces that extend the fibration of A by circles. This clearly implies that
and the surfaces R X × {0} and R X × {1} are glued to the boundary of N (R) as required above. Hence we have shown that X(B) is fibered over the circle by surfaces diffeomorphic to R and that the fibers all have boundary B. That is, we have demonstrated that B is the binding of an open book.
We now must show that this open book supports the contact structure ξ. Looking back through the proof it is not hard to believe that one may isotop the contact planes to be arbitrarily close to the pages of the open book, but it seems a little difficult to prove this directly. We will show the open book is compatible with the contact structure by showing that there is a Reeb vector field that is tangent to the binding and transverse to the pages. Recall that the neighborhood N (B) of the binding is contactomorphic to an ǫ-neighborhood of the z-axis in (R 3 , ker(dz + r 2 dθ))/ ∼ where (r, θ, z) ∼ (r, θ, z +1). Moreover, we can assume the pages intersect this neighborhood as the constant θ annuli. We can think of the Reeb fields just constructed as giving a contact field in the neighborhood of the boundary of R X (recall this is the ribbon of the Legendrian 1-skeleton G intersected with the complement of N (B) ).
Exercise 4.17 Show that this contact vector field defined in a neighborhood of ∂RX can be extended to a contact vector field v over the rest of RX so that it is transverse to RX and there are no dividing curves. (This is OK since RX is not a closed surface.) Note that since there are no dividing curves v is also transverse to ξ.
Use v to create the neighborhood N (R) of R X . Since v is never tangent to the contact planes along R X we can assume that this is the case in all of N (R).
Exercise 4.18 Show that a contact vector field which is never tangent to the contact planes is a Reeb vector field.
Thus we have a Reeb vector field defined on N (B) ∪ N (R) that has the desired properties.
We now need to extend the Reeb vector field v over X(R). From the construction of v we can assume we have v defined near the boundary of X(R) and as a vector field defined there it satisfies the following:
(1) v is tangent to A ⊂ ∂X(R). We now want to construct a model situation into which we can embed X(R). To this end let Σ = R X ∪ A ′ ∪ −R X , where A ′ = (∂R X ) × [0, 1] and the pieces are glued together so that Σ is diffeomorphic to the double of R X . On Σ let F be the singular foliation (R X ) ξ on each of R X and −R X and extend this foliation across A ′ so that it is non singular there and the leaves of the foliation run from one boundary component to another. Let Γ be the union of the cores of the annuli that make up A ′ . It is easy to see that F is divided by Γ. Given this one can create a vertically invariant contact structure ξ ′ on Σ × R such that (Σ × {t}) ξ ′ = F and the dividing set on Σ × {t} is Γ, for all t ∈ R. (See [22] .) Note that ∂ ∂t restricted to R X × R is a Reeb vector field since it is a contact vector field and positively transverse to ξ ′ in this region. Pick a diffeomorphism f : Of course this extension of f, which we also call f, takes the Reeb field v to the Reeb field ∂ ∂t . We can clearly extend f to an embedding, but not necessarily a contact embedding, of all of X(R) into Σ × R. The following exercises allow us to isotop f, relative to a neighborhood of the boundary, to a contact embedding and thus we may extend v to all of X(R) by H be a handlebody and D1, . . . , Dg be properly embedded disks that cut H into a 3-ball. Given any singular foliation F on the boundary of H that is divided by Γ for which ∂Di ∩ Γ = 2, for all i, then there is at most one tight contact structure on H, up to isotopy, that induces F on ∂H.
HINT: This is a simple exercise in convex surface theory. See [15] .
Exercise 4.22 Show the contact structure ξ ′ on Σ × R is tight. (This is easy using Giroux's tightness criterion.) Also show the contact structure ξ restricted to X(R) is tight. HINT: The second part is not so easy. The idea is that if you can cut up a handlebody by disks, as in the previous exercise, and the 3-ball you end up with has a tight contact structure on it, then the original contact structure on the handlebody is tight. See [26] .
We have the following immediate useful corollaries. To prove this theorem we need the following lemma. Proof. Let Σ be a page of the open book and G be the core of Σ. That is, G is a graph embedded in Σ onto which Σ retracts. We can Legendrian realize G.
Remark 4.30. The Legendrian realization principle is for curves, or graphs, on a closed convex surface or a convex surface with Legendrian boundary. The pages of an open book are convex but their boundary is transverse to the contact structure so we cannot apply the Legendrian realization principle as it is usually stated. Nonetheless since we can keep the characteristic foliation near the boundary fixed while trying to realize a simple closed curve or graph, we can still realize it. But recall the curve or graph must be non-isolating. In this context this means that all components of the complement of the curve in the surface should contain a boundary component. To see this review Giroux's proof of realization.
Note that Σ is the ribbon of G. Let N be a neighborhood of Σ such that ∂Σ ⊂ ∂N. Let α i be a collection of properly embedded arcs on Σ that cut Σ into a disk. Let
intersects ∂Σ on ∂N exactly twice. Thus if we extend the A i 's into N so their boundaries lie on G then the twisting of Σ, and hence ξ, along ∂A i with respect to A i is −1, 0 or 1. If all the twisting is −1 then we have a contact cell decomposition (recall that the contact structure restricted to the complement of Σ is tight). Thus we just need to see how to reduce the twisting of ξ along ∂A i .
Suppose ∂A i has twisting 0. Positively stabilize Σ as shown in Figure 12 . Note the curve C shown in the picture can be assumed to be Legendrian and bounds a disk D in M. Now isotop G across D to get a new Legendrian graph with all the A j 's unchanged except that A i is replace with the disk A ′ i obtained from A i by isotoping across D. We also add C to G and add D to the 2-skeleton. Clearly the twisting of ξ along D is −1. Thus we can reduce the twisting of ξ along ∂A i as needed and after sufficiently many positive stabilizations we have an open book that comes from a contact cell decomposition.
Proof of Theorem 4.28. Given two open books (B, π) and (B
′ , π ′ ) supporting (M, ξ) we can assume they both come from contact cell decompositions by using Lemma 4.29. Now, given two contact cell decompositions one can show that they are related by a sequence of the following:
(1) A subdivision of a 2-cell by a Legendrian arc intersecting the dividing set one time. (1) and (2) positively stabilize the open book associated to the cell decomposition. HINT: Show that an arc a is added to the 1-skeleton and a disk D to the 2-skeleton so that ∂D is part of the old 1-skeleton union a, ΓD is a single arc and a ∩ ΓD is one point. Show that adding such an arc to the one skeleton is equivalent to positively stabilizing the open book.
Symplectic cobordisms and caps.
A contact manifold (M, ξ) is called (weakly) symplectically fillable if there is a compact symplectic 4-manifold (X, ω) such that ∂X = M and ω| ξ = 0. Many applications of contact geometry to topology (see [28, 34] and the discussion in the introduction) rely on the following theorem. Partial results aimed towards this theorem were obtained by many people. Specifically, Lisca and Matić established this result for Stein fillable manifolds in [31] and later work of Akbulut and Ozbagci [2] coupled with work of Plamenevskaya [35] provided an alternate proof in this case (for unfamiliar terminology see the next paragraph). For strongly fillable manifolds this was proven by Gay in [19] and follows trivially from Theorem 1.3 in [16] . The full version of this theorem also follows fairly easily from [37] .
In the process of proving Theorem 5.1 we will need to take a few detours. The first concerns various types of symplectic fillings and the second concerns Legendrian/contact surgery. These two detours occupy the next two subsections. We return to the proof of Theorem 5.1 in Subsection 5.3. In the final section we discuss the relation between open book decompositions and overtwistedness.
Symplectic fillings.
A contact manifold (M, ξ) is said to be strongly symplectically filled by the symplectic manifold (X, ω) if X is compact, ∂X = M and there is a vector field v transversely pointing out of X along M such that the flow of v dilates ω (that is to say the Lie derivative of ω along v is a positive multiple of ω). The symplectic manifold (X, ω) is said to have convex boundary if there is a contact structure ξ on ∂X that is strongly filled by (X, ω). We say that (X, ω) is a strong concave filling if (X, ω) and v are as above except that v points into X. Note that given a symplectic manifold (X, ω) with a dilating vector field v transverse to its boundary then ι v ω is a contact form on ∂X. If v points out of X then the contact form gives an oriented contact structure on ∂X and if v points into X then it gives an oriented contact structure on −∂X. (Recall Remark 3.2)
Given a contact manifold (M, ξ) let α be a contact form for ξ, then consider W = M × R and set ω W = d(e t α), where t is the coordinate on R. It is easy to see that ω W is a symplectic form on W and the vector field v = ∂ ∂t is a dilating vector field for ω W . The symplectic manifold (W, ω W ) is called the symplectization of (M, ξ).
Exercise 5.2 Given any other contact form α ′ for ξ (note that this implies that α ′ = gα for some function g : M → (0, ∞)) show there is some function f such that α ′ = F * (ιvωW ) where
It can be shown that if (X, ω) is a strong symplectic filling (strong concave filling) of (M, ξ) then there is a neighborhood N of M in X, a function f, a onesided neighborhood N f of the graph of f in W with N W lying below (above) the graph and a symplectomorphism ψ : N W → N. See Figure 13 . Thus we have a model for a neighborhood of a contact manifold in a strong symplectic filling. (X1, ω1) is a strong symplectic filling of (M, ξ) and (X2, ω2) is a strong concave filling of (M, ξ) then show X = X1 ∪ X2 has a symplectic structure ω such that ω|X 1 = ω1 and ω| X 2 \N = cω2 where N is a neighborhood of ∂X2 in X2 and c > 0 is a constant. HINT: Look at Figure 13 .
Thus we can use strong symplectic fillings to glue symplectic manifolds together. This is not, in general, possible with a weak symplectic filling.
(X2, ω2) (X1, ω1) Figure 13 . The symplectization of (M, ξ), middle, and a symplectic manifold with convex, left, and concave, right, boundary.
Recall that a Stein manifold is a triple (X, J, ψ) where J is a complex structure on X and 
Thus we can think of X as a compact manifold (Stein manifolds themselves are never compact).
In [11, 41] it was shown how to attach a 1-handle to the boundary of a symplectic manifold with convex boundary and extend the symplectic structure over the 1-handle so as to get a new symplectic manifold with convex boundary. They also showed the same could be done when a 2-handle is attached along a Legendrian knot with framing one less than the contact framing. In fact we have the following characterization of Stein manifolds.
Theorem 5.4 (Eliashberg 1990, [11]). A 4-manifold X is Stein if and only if X has a handle decomposition with only 0-handles, 1-handles and 2-handles attached along Legendrian knots with framing one less than the contact framing.
Summarizing the relations between various notions of filling and tightness we have
The first two inclusions are strict, see [16] and [7] respectively. It is unknown whether or not the last inclusion is strict. We have the following useful fact.
Theorem 5.5 (Eliashberg 1991, [9] ; Ohta and Ono 1999, [33] ). If M is a rational homology sphere then any weak filling of (M, ξ) can be deformed into a strong filling.
Contact surgery. Let L be a Legendrian knot in a contact 3-manifold (M, ξ).
It is well known (see [15, 20] ) that L has a neighborhood N L that is contactomorphic to a neighborhood of the x-axis in
where ∼ identifies (x, y, z) with (x + 1, y, z). With respect to these coordinates on N L we can remove N L from M and topologically glue it back with a ±1-twist (that is, we are doing Dehn surgery along L with framing the contact framing ±1). Call the resulting manifold M (L,±1) . There is a unique way, up to isotopy, to extend ±1) ) is said to be obtained from (M, ξ) by ±1-contact surgery along L. It is customary to refer to −1-contact surgery along L as Legendrian surgery along L.
If the original contact manifold (M, ξ) is not closed then it is known that the answer is sometimes NO, see [26] . But there is no known such example on a closed manifold. It is known, by a combination of Theorems 5.4 and 5.5, that Legendrian surgery (but not +1-contact surgery!) preserves any type of symplectic fillability.
(Similarly, +1-contact surgery preserves non-fillability.) We have the following result along those lines.
Theorem 5.6 , [11] ; Weinstein 1991, [41] ). Given a contact 3- 
Proof. We begin by ignoring the contact structures and just concentrating on the manifold. We have a simple closed curve L on the page Σ of the open book. Recall M \ nbhd B is the mapping cylinder Σ φ . We will think of L as sitting on Σ × { 
is obtained from M (Σ,φ) by removing a solid torus and gluing it back in, i.e. by a Dehn surgery along L. We are left to see that the Dehn surgery is a ±1 Dehn surgery with respect to the framing on L coming from the page on which it sits. See Figure 14 while reading the rest of this paragraph. Note that we get Since (Σ, φ) is compatible with ξ there is a Reeb vector field X for ξ such that X is positively transverse to the pages and tangent to the binding. Notice our
2 +ǫ] is such that X is transverse to all the N Σ ×{t} and the flow of X preserves these pages. As usual we will now consider a model situation. Consider (R 3 , ker(dz − y dx))/ ∼, where (x, y, z) ∼ (x + 1, y, z). It is easy to arrange that the foliation on N Σ is the same as the foliation on {(x, y, z)| − δ ≤ y ≤ δ}. Thus we can assume the contact structure on N is contactomorphic to the contact structure on N m = {(x, y, z)| − ǫ ≤ z ≤ ǫ, −δ ≤ y ≤ δ}. Moreover, we can assume this contactomorphism takes a Reeb vector field for ξ to An easy corollary of this theorem is the following.
Theorem 5.11 (Giroux 2002, [21]). A contact manifold (M, ξ) is Stein fillable if and only if there is an open book decomposition for (M, ξ) whose monodromy can be written as a composition of right-handed Dehn twists.
Proof. We start by assuming that there is an open book (Σ, φ) supporting (M, ξ) for which φ is a composition of right-handed Dehn twists. Let us begin by assuming that φ is the identity map on Σ. In Exercise 2.10 you verified that M = # 2g+n−1 S 1 ×S 2 , where g is the genus of Σ and n is the number of boundary components. Eliashberg has shown that # 2g+n−1 S 1 × S 2 has a unique strong symplectic filling [10] . This filling (W, ω) is also a Stein filling. Thus we are done if φ is the identity map. Now assume φ = D + γ where γ is a simple non-separating closed curve on Σ. We can use the Legendrian realization principle to make γ a Legendrian arc on a page of the open book. (Recall that even though our convex surface does not have Legendrian boundary we can still use the Legendrian realization principle. See Remark 4.30.) (Note that we required γ to be non-separating so that we could use the Legendrian realization principle.) We know (M (Σ,id) , ξ (Σ,id) ) is Stein filled by (W, ω) so by Theorems 5.6 and 5.7 we can attach a 2-handle to W to get a Stein filling of (
If φ is a composition of more than one righthanded Dehn twist along non-separating curves in Σ we may clearly continue this process to obtain a Stein filling of (M (Σ,φ) , ξ (Σ,φ) ). The only thing left to consider is when one or more of the curves on which we Dehn twist is separating. Suppose γ is separating. If both components of the complement of γ contain parts of the boundary of the page then we can still realize γ. Thus we only have a problem when there is a subsurface Σ ′ of Σ such that ∂Σ ′ = γ. In this case we can use the "chain relation" (see Theorem 6.5 
γn , where γ i are non-separating curves on the interior of the page Σ and c is a curve on Σ parallel to the boundary of Σ.
We know M \ B is the mapping cylinder Σ φ and an identical argument to the one in the first paragraph of the proof of Theorem 5.7 says we may think of Σ φ as . By Theorem 5.7 we know we can get from (M, ξ) to (M ′ , ξ ′ ) by a sequence of Legendrian surgeries. Thus by Theorem 5.6 we can add 2-handles to (X, ω) in a symplectic way to get a symplectic manifold (X ′′ , ω ′′ ) with weakly convex boundary equal to (M ′ , ξ ′ ). Let a 1 , . . . , a 2g be the curves on Σ pictured in Figure 16 . We can Legendrian a1 a2 a3 a4 a2g−1 a2g Figure 16 . Dehn surgery on the knot in Figure 17 . Thus M ′′ is a homology sphere.
1 m Figure 17 . Topological description of M ′′ . Now Theorem 5.5 says for a homology sphere a weak filling can be deformed into a strong filling. Thus we may deform (X ′ , ω ′ ) into a strong filling of (M ′′ , ξ ′′ ) and clearly (X, ω) symplectically embeds into this manifold.
Lemma 5.14 (Etnyre and Honda 2002, [16] ; Gay 2002, [19] ). Given any contact manifold (M, ξ) there is a strong concave filling of (M, ξ).
This Lemma was also proven by Lisca and Matić [31] for Stein fillable contact structures. An alternate proof in the Stein case was provided by the work of Akbulut and Ozbagci [2] coupled with that of Plamenevskaya [35] . The proof below is in the spirit of Gay's work. Figure 18 and monodromy m(4g1+2) . Now let c g1+1 , . . . , c 2g2 be the curves shown in Figure 18 ; g 2 is the genus of Σ ′ .
Exercise 5.16 Show that we can assume m is such that we can choose the genus g2 of Σ ′ so that m(4g1 + 2) = 4g2 + 2. HINT: Attach symplectic 2-handles. HINT: On the circle bundle ∂C there is a connection 1-form α that is also a contact form on ∂C. Use this to construct the symplectic form on C. Note that if you think about the symplectization of a contact structure you can easily get a symplectic structure on C minus the zero section. Some care is needed to extend over the zero section.
Exercise 5.19 Show (C, ωC ) has a strongly concave boundary, ∂C = −M ′ , and ξ ′ is the induced contact structure. HINT: The contact structure induced on ∂C is transverse to the circle fibers. If you remove a neighborhood of one of the fibers the resulting manifold is Σ ′ × S 1 . This is the mapping cylinder of the identity on Σ ′ . Show that the contact planes can be isotoped arbitrarily close to the pages. Now consider how the neighborhood of the fiber is glued back in.
We now simply glue (C, ω C ) to the top of (W ′ , ω ′ ) to get our concave filling of (M, ξ).
We are now ready to prove the main result of this section.
Proof of Theorem 5.1. We start with a weak symplectic filling (X, ω) of (M, ξ). Now apply Lemma 5.12 to embed (X, ω) symplectically into (X ′ , ω ′ ) where (X ′ , ω ′ ) has a strongly convex boundary (M ′ , ξ ′ ). Now use Lemma 5.14 to find a symplectic manifold (X ′′ , ω ′′ ) that is a strong concave filling of (M ′ , ξ ′ ). Using an exercise from Subsection 5.1 we can glue (X ′ , ω ′ ) and (X ′′ , ω ′′ ) together to get a closed symplectic manifold (W, ω W ) into which (X, ω) embeds.
5.4.
Sobering arcs and overtwisted contact structures. Theorem 5.11 gives a nice characterization of Stein fillable contact structures in terms of open book decompositions. It turns out there is a similar characterization of overtwisted contact structures due to Goodman [24] . Suppose we are given an oriented surface Σ. Given two properly embedded oriented arcs a and b on Σ with ∂a = ∂b we can isotop them relative to the boundary so that the number of intersection points between the arcs is minimized. At a boundary point x of a define ǫ(x) to be +1 if the oriented tangent to a at x followed by the oriented tangent to b at x is an oriented basis for Σ, otherwise we set ǫ(x) = −1. Let i(a, b) = Note the definition of sobering arc does not depend on an orientation on b.
Theorem 5.21 (Goodman 2004, [24] ). If (Σ, φ) admits a sobering arc then the corresponding contact structure ξ (Σ,φ) is overtwisted.
We will not prove this theorem but indicate by an example how one shows a contact structure is overtwisted if a supporting open book admits a sobering arc. Indeed, consider (A, φ) where A = S 1 × [−1, 1] and φ is a left-handed Dehn twist about S 1 × {0}. Of course this is the open book describing the negative Hopf link in S 3 . Earlier we claimed that the associated contact structure is overtwisted; we now find the overtwisted disk. (Actually we find a disk whose Legendrian boundary violates the Bennequin inequality, but from this one can easily locate an overtwisted disk.) The arc b = {pt}×[−1, 1] ⊂ A is obviously a sobering arc. Let T be the union of two pages of the open book. Clearly T is a torus that separates S 3 into two solid tori V 0 and V 1 . We can think of V 0 as A × [0, So we see that ∂D violates the Bennequin inequality and thus ξ is overtwisted. In general, in the proof of the above theorem you will not always be able to find an explicit overtwisted disk, but in a manner similar to what we did above you will always be able to construct a Legendrian knot bounding a surface that violates the Bennequin inequality.
Lastly we have the following theorem.
Theorem 5.24 (Goodman 2004, [24]). A contact structure is overtwisted if and only if it is there is an open book decomposition supporting the contact structure that admits a sobering arc.
The if part of this theorem is the content of the previous theorem. The only if part follows from:
Exercise 5.25 Show that any overtwisted contact structure is supported by an open book that has been negatively stabilized. Show that this implies there is a sobering arc. HINT: You will need to use Eliashberg's classification of overtwisted contact structures by their homotopy class of plain field [12] . If you are having trouble you might want to consult [13] or, of course, the original paper [24] .
Appendix
We recall several important facts about diffeomorphisms of surfaces. First, given an embedded curve γ in an oriented surface Σ let N = γ × [0, 1] be a (oriented) neighborhood of the curve. We then define the right-handed Dehn twists along γ, denoted D γ , to be the diffeomorphism of Σ that is the identity on Σ \ N and on N is given by (θ, t) → (θ + 2πt, t), where θ is the coordinate on γ = S 1 and t is the coordinate on [0, 1] and we have chosen the product structure so that 
Exercise 6.6 Try to prove this theorem. Note: for k = 1 it is trivial, for k = 2, 3 it is quite easy to explicitly check the relation.
An important consequence of this theorem is the following lemma. γi by a composition of right-handed Dehn twists and one left-handed Dehn twist about d. Now by the exercises above any left-handed Dehn twist about a separating curve can be written as right-handed Dehn twists about non-separating curves and a left-handed Dehn twist about d.
